Abstract-This paper studies the impact of realistic wide-area measurement system (WAMS) time-varying delays on the dynamic behavior of power systems. A detailed model of WAMS delays including quasi-periodic, stochastic, and constant components is presented. Then, this paper discusses numerical methods to evaluate the small-signal stability as well as the time-domain simulation of power systems with inclusion of such delays. The small-signal stability analysis is shown to be able to capture the dominant modes through the combination of a characteristic matrix approximation and a Newton correction technique. A case study based on the IEEE 14-bus system compares the accuracy of the small-signal stability analysis with Monte Carlo time-domain simulations. Finally, the numerical efficiency of the proposed technique is tested through a real-world dynamic model of the all-island Irish system.
NOTATION

A. Motivation
A WIDE-AREA Measurement System (WAMS) consists of a remote measurement device, e.g., a phasor measurement unit, and a communication network that transmits the measurements to a power system controller [1] . WAMSs inevitably introduce delays into the control loop and are thus potential threats to power system stability [2] . These delays are the result of a series of processes along the data communication from the measurement device to the grid, including long-distance data delivery, data packet dropout, noise, communication network congestion, etc. [3] . Due to stochastic effects and the communication mechanism, WAMS delays are necessarily time-variant. This paper proposes a detailed model of WAMS delays and numerical techniques to estimate their impact on small-signal stability and time-domain simulation of power systems.
B. Literature Review
In [2] , [4] - [6] , WAMS delays are regarded as constant for simplicity. A constant delay model, however, is not able to accurately define the impact of WAMS delays due to the Quenching Phenomenon (QP) [7] - [9] . QP appears for time-varying delays and consists in the change of the stability of a delay system for 0885-8950 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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different delay types, even though all delays are within the same range and have the same mean value.
In [10] - [12] , WAMS delays are modelled through stochastic processes. Comparing with the constant delay model, the stochastic model captures slightly better the effects of a realistic WAMS delay. Nevertheless, the stochastic model is still inaccurate as it fails to reflect the actual mechanism of WAMS delays, which include a quasi-periodic behaviour and data package dropouts. All these aspects are taken into account in this paper.
Apart from the lack of a precise WAMS delay model, a general technique to study the stability of power system with inclusion of time-varying delays is also currently missing. The most common approach is based on Lyapunov-Krasovskii Functionals (LKFs) [4] , [11] , [15] . The main limit of LKFs is their numerical complexity -which prevents applications to large-size realworld power systems -and the significant conservativeness of the results [14] .
Also frequency-domain approaches, including Integral Quadratic Constraintss (IQCs) [15] , [16] and eigenvalue-based approach [17] - [20] have been developed. These approaches are shown to be computationally effective and accurate for large real-world power systems with inclusion of delays. Among the frequency-domain approaches, the eigenvalue-based method shows the lightest computational burden because it does not require to solve the Linear Matrix Inequalitys (LMIs) problem.
This paper further develops the eigenvalue-based techniques to solve the small-signal stability of power system by exploiting the theoretical results given in [7] , [14] , [21] , where it is proven that time-varying delays can be approximated with summations of multiple constant delays in the linearized characteristic equation.
C. Contributions
To the best of our knowledge, this is the first attempt to propose a detailed model of realistic WAMS delays for power system applications. The specific contributions of the paper are the following: r A realistic WAMS delay model that is able to take into account all relevant issues introduced by the WAMS communication system. r A two-step numerical technique to evaluate the smallsignal stability of the power system with detailed WAMS delay models. The first step utilizes the theorem above to estimate an initial guess of the eigenvalues of the DDAE; then a Newton correction method that takes into account the Probability Density Function (PDF) of the realistic WAMS delay improves the results.
D. Organization
The remainder of the paper is organized as follows. Section II briefly recalls state-of-art techniques to evaluate the small-signal stability of DDAEs and provides a general theorem to define the characteristic equation of DDAEs with time-varying delays. Section III provides a taxonomy of the components of WAMS delays and defines their numerical models. Section IV discusses the implementation of the WAMS delay model in timedomain simulation and small-signal stability analysis. Section V presents two case studies. The first one is based on IEEE 14-bus system and discusses features and limitations of the techniques described in Section IV. The second case study discusses the computational efficiency of these techniques when applied to a 1,479-bus dynamic model of the all-island Irish system. Conclusions are drawn in Section VI.
II. SMALL-SIGNAL STABILITY ANALYSIS OF DDAES
A. DDAEs With Constant Delays
Power systems with inclusion of delays can be modeled as a set of DDAE in index-1 Hessenberg form [17] :
where u models event, e.g., line outage.
To study the small-signal stability of (1), we consider its linearization at a given operating point [17] :
Each solution of (2) is x(t) = e −λt ν. The eigenvalues are numerically equal to the roots of the characteristic equation:
The solution of (3) can be approximated through an appropriate discretization [17] , [22] . Reference [19] shows that the Chebyshev discretization scheme provides the best threshold between accuracy and computational burden and, hence, this is the scheme utilized in the remainder of the paper.
B. DDAEs With Inclusion of Time-Varying Delays
Reference [7] provides a theorem to transform fast timevarying periodic delays into distributed delays. By combining the mathematical proof of [7] with the definition of distributed delay given in [21] , we deduce the following theorem.
Theorem 1: Consider the following linear system with timevarying delays:
where
If the delay τ (t) changes fast enough, the small-signal stability of (4) is the same as the following comparison system: 
where w i (ξ) is the PDF of the specific delay τ i (t) = ξ. The characteristic matrix of the comparison system is:
The proof of this theorem is in Section VI-A.
It is important to note that, for slow variations of τ i (t), the comparison system (5) is only an approximation of (4). The stability of (4) and (5) are the same only for sufficiently high rate of change of τ i (t). Since in physical systems the rate of change of the delays is always bounded and one cannot decide a priori where the threshold between slow and fast variations for a given system lays, the fidelity of the comparison system (5) can be inferred only through numerical simulations [7] .
Reference [14] provides an alternative solution of (6) that consists in transforming the distributed delay into the summation of multiple constant delays and compute the eigenvalues through discretization. Although this approach can successfully solve the DDAEs with delays within specific finite range, it cannot properly handle unbounded and uncertain delays. Therefore, to develop a more general approach, we consider another eigenvalue computation technique, namely, the Newton Correction, which is discussed in the following subsection.
C. Newton Correction
Newton correction is a technique to refine the solution of the characteristic equation based on an appropriate initial guess, namely the eigenvalues solved through a direct approach. According to the symmetry of the eigenvalues, we only need to correct the eigenvalues λ = α + jβ, β ≥ 0. The pseudo-code below is developed based on [18] and provides an implementation of the Newton correction specifically designed for DDAEs. Step (3) above is particularly critical for the convergence of the Newton correction algorithm. There exist a few approaches to compute an approximated the eigenvector/eigenvalue pair (λ, ν). These include Gaussian Elimination and Singular Value Decomposition (SVD) approach [23] . According to our tests, the SVD provides the better tradeoff between computational burden and accuracy. For this reason, all simulation results shown in the paper are based on SVD.
III. MODELING OF WAMS DELAYS
This section describes the basic communication process of WAMSs as discussed in [24] . The WAMS delay model is deduced based on the elements that compose such a communication process. Note that, while other communication processes are possible, the elements that we consider for the WAMS delay model, namely, constant, periodic and stochastic components, are general and can be thus be utilized to define the delays of WAMS with architectures other than the one considered in this paper.
Assume that the WAMS measures a given quantity x(t) of the power system. The signal is first measured by an appropriate device and digitalized. Then the signal is processed through a data package concentrator, transmitted and finally processed through a zero-order holder (ZOH). At last, the resulting signal, say x(t − τ (t)) is passed through device/controller of the power system [28] . This process is illustrated in Fig. 1 .
As shown in Fig. 1 , the quantity collected by the measurement device x(t) is concentrated and sent as digitalized data packets x k . The data collection, concentration and processing introduce a constant delay for each packet (see Section III-B). These data packets are delivered to feed wide-area device/controller. A ZOH is implemented to avoid the potential issues resulting from the loss of data packets. The delivery of the discrete data packets leads to quasi-periodic delays, as thoroughly discussed in Section III-A. Apart from the two delays above, the networkinduced issues, e.g., the data passing through different media, may introduce additional stochastic delays, which are also discussed in Section III-B. 
A. Periodic Delay Modeling
Consider first the case of an ideal WAMS communication network. For a given medium, the delivery period of each data packet is almost the same. Then, the data packet delivery delay of such an ideal communication network can be modelled as a periodic function of time [28] , as shown in Fig. 2(a) . Consider a data packet arriving at t = t k . The ZOH holds the data received at t k before obtaining the next data packet; during this period, the delivery delay τ p becomes:
Assuming that the next data packet successfully transmitted is expected to arrive at t k +1 , the delivery period is:
In real-world WAMS communication network, the data packet can be affected by dropout and/or disorder. In this case, the ZOH holds the latest state as the feedback signal to the controllers of the power system, until the next data packet arrives successfully. Thus, a realistic data delivery delay is quasi-periodic. Fig. 2(b) shows the case for which one data packet x k +1 is lost. The probability of occurrence of a data packet dropout is called dropout rate, p. According to Fig. 2(b) and (8), during the period that the ZOH holds in a specific status, the following condition is always satisfied:
Then, assuming the data packet dropout rate p ∈ [0, 1), the probability of a successful delivery is 1 − p. A specific data packet, after a successful delivery, has the following PDF function:
The mean value of the delivery delay according to (11) is:
Multiplying p on the each side of (12) leads to:
Then, theτ p can be deduced through (12) and (13):
Finally, we have:τ
B. Constant and Stochastic Delay Modeling
During the WAMS communication, the data collected from the measurement unit needs to be processed and exchanged through different devices [3] . In [2] , it is suggested that these steps introduce a constant delay of about 75 ms for each data packet. Recent technological advances, e.g., synchronized measurement technology and real-time congestion management [25] , allows reducing such a delay. Although the communication delay is fixed for each data packet, it may be slightly different for different data packets. Moreover, the network-induced issues also introduces uncertain delay during the delivery of each data packet.
Based on these considerations, apart from the quasi-periodic delay, we consider other two components in the WAMS delay model. The first is a constant delay τ o , which is the minimal inevitable constant delay for each data packet. The second one is a stochastic delay jitter τ s , which varies for each data packet. According to the research on the existing physical delay [26] - [28] , we assume that τ s follows a Gamma distribution. For a given packet, with the i-th dropout, one has
Then, to account for the accumulation of the stochastic delay due to the data packet dropout, (16) is revised as:
Then, according to Section II-B, the comparison system is: 
IV. NUMERICAL IMPLEMENTATION
This section discusses the assumptions and the numerical steps required for the time domain simulation (Section IV-A) and small-signal stability analysis (Section IV-B) of power systems with WAMS delays.
A. Time-Domain Integration
A standard integration scheme, namely, the Implicit Trapezoidal Scheme (ITM), is utilized for the integration of the DDAEs modeling the power system [29] . The inclusion of constant delays in a ITM is relatively straightforward [30] . Embedding timevariant delays, however, requires special care to avoid numerical issues and guarantee accurate solutions. With this aim, we make the following assumptions:
r The occurrence of the data packet dropout is independent from the status of the last packet.
r The stochastic delay is still considered even if the data packet drops.
r The WAMS delay is represented as:
r At the initial time of the time-domain simulation, say t 0 , a new data packet is delivered. The following algorithm details the step required to generate the WAMS delay τ (t) during a time domain integration.
Each new integration time t i is defined based on the integration time step, say Δt, as t i = t i−1 + Δt. Δt T must hold. Even for small Δt, however, the calculation of τ p may be numerically imprecise close to zero. In step (2), therefore, we choose to capture the moment that is infinitely close to the time when τ p = δt = T . Fig. 3 illustrates the time evolution of a typical WAMS delay and its components. Note that the plots in Fig. 3 are not obtained off-line but show the actual results of the time-domain simulation based on the IEEE 14-bus system that is discussed in Section V-A.
B. Small-Signal Stability Analysis
The proposed small-signal stability analysis of the power system with inclusion of delay includes two major steps: (i) evaluation of an initial guess for the eigenvalues; and (ii) Newton correction based on the comparison system. For simplicity, in this section, we only discuss the implementation of the single delay case. In the case study, however, both single and multiple delay cases are considered.
First step: Choose a constant delay τ c to replace the actual WAMS delay and solve the small-signal stability analysis through Chebyshev discretization (Section II-A). The constant delay τ c is:
γ can only be found through numerical tests. Based on several simulations, we found that γ ∈ [0.5, 2.0]. Second step: Set the eigenvalues obtained in the first step as the initial guesses; then solve the Newton correction (Section II-C) based on the comparison system with inclusion of the WAMS delay. According to the previous sections, we can deduce the following characteristic equation of the system in the form of (6):
where h p (λ) and h s (λ) are functions that adjust the characteristic equation to take into account the distribution of the quasi-periodic and stochastic components of the WAMS delay. For h p (λ), one has:
Then, substituting (11) into (23):
Similarly, according to (18) , for h s (λ), one has:
The deduction of (25) is given in the Appendix.
V. CASE STUDIES
In this section, we consider two systems. The IEEE 14-bus system is utilized to discuss the accuracy and reliability of both the time-domain simulation and the small-signal stability analysis proposed in the previous sections. With this aim, we solve a sensitivity analysis for a single-delay case. The second case study is a real-world dynamic model of the Irish system, which serves to illustrate the computational burden of the proposed small-signal stability analysis.
All simulations are obtained using the Python-based software tool DOME [31] . The DOME version utilized here is based on Fedora Linux 25, Python 3.6.2, CVXOPT 1.1.9, KLU 1.3.8, and MAGMA 2.2.0. The hardware consists of two 20-core 2.2 GHz Intel Xeon CPUs, which are utilized for matrix factorization and Monte-Carlo time-domain simulations; and one NVIDIA Tesla K80 GPU, which is utilized for the small-signal stability analysis.
A. IEEE 14-Bus System
This subsection investigates the feasibility and sensitivity with respect to WAMS delay parameters of the numerical approach discussed above based on IEEE 14-bus system, with a WAMS-based Power System Stabilizer (PSS) connected at generator 1 and 20% load increase. All parameters of the grid can be found in [29] and all parameters of the PSS are the same as in [14] , except for the gain of the PSS that is taken as K w = 3.0.
The rightmost post-contingency eigenvalues of IEEE 14-bus system following the line 2-4 outage is −0.1366 ± j0.0121 if including a non-delayed PSS and 0.0352 ± j8.8251 without PSS. Intuitively, the system can be unstable for a delayed PSS, as the effect of the PSS is null if the delay is large enough.
Assuming that the WAMS-based PSS introduces a delay with same parameters as that of the delay τ (t) shown in Fig. 3 , we investigate first the sensitivity of the system stability with respect to the data packet dropout rate p.
Four delay models with same mean value are considered:
r M3 Gamma distributed stochastic time-varying model:
The results of the small-signal stability anlaysis are shown in Table I . The eigenvalues shown in the table are the rightmost ones for the post-contingency operating point, the contingency being line 2-4 outage. The percentages shown in the rightmost column are the probability that a time-domain simulation (TDS) considering realistic delay model τ (t) (M1) is stable. 100 timedomain simulations per each value of p are solved.
According to Table I , for a fast-varying WAMS delay, the smallsignal stability analysis of the comparison system indicates that the original system remains stable after the occurrence of the line outage only for small values of the dropout probability p. As p increases, the system becomes unstable. These results confirm the well-known conclusion that a fragile WAMS communication network can jeopardize the stability of the whole power system. The different results obtained considering different delay models, namely τ (t),τ p (t),τ s (t) andτ are typical effect of the quenching phenomenon. The WAMS delay model τ (t) and τ p (t) can effectively predict the small-signal stability of the system with inclusion of realistic-modeling measurement delays, whileτ s (t) andτ are less reliable. This indicates that the dominant effect of the delay on the system stability is caused by the quasi-periodic component. This conclusion is in accordance with the discussion in Section III.
The dropout rate sensitivity test above proves the accuracy of the small-signal stability analysis approach with a fast-varying delay. However, according to the hypothesis of comparison system (see the discussion of Theorem 1), as the data-delivery period T increases, the accuracy of the comparison system has to decrease. Table II shows the sensitivity of the IEEE 14-bus system stability with respect to the period T , for a given dropout value, namely, p = 20%. The results show that, for this system, the small-signal stability analysis becomes inaccurate for delays with relatively large period T , i.e., T > 90 ms. In this case, the time-domain simulation is thus the most reliable tool to evaluate the system stability for large values of T .
B. All-Island Irish Power System With Multiple Delays
This subsection aims at investigating the computational burden of the numerical techniques proposed in the paper. With this aim, we consider a real-world model of the all-island Irish grid. The grid consists of 1,479 buses, 1,851 transmission lines, 245 loads, 22 conventional synchronous power plants with AVRs and turbine governors, 6 PSSs and 176 wind power plants. The topology and the steady-state operation data of the grid are provided by the Irish TSO, EirGrid. Dynamics data, however, are defined based on the technology of the generators and do not represent any actual operating condition. The topology of the Irish power system is shown in Fig. 4 .
We assume that the 6 PSSs are WAMS-based, each of them introduces a delay with same parameters as that shown in Fig. 3 . The contingency consists in the outage of the synchronous power plant connected to bus 1378. The time step of TDI is 0.001 s. We consider two scenarios: the system with realistic low PSS gains and with high PSS gains. Both scenarios are stable if WAMS no delays are considered.
1) Scenario I. Low pss Gains: In this scenario, the computational time required to calculate the initial guess of the eigenval- According to simulation results, the all-island Irish system with low PSS gains is always stable and WAMS delays have no relevant impact on system stability.
2) Scenario II. High pss Gains: In order to further investigate the impacts of different delay models, we increase the gains of the PSSs. This increases the damping of electromechanical oscillations but also increases the sensitivity to measurement delays. In this scenario, the computational time required to calculate the initial guess of the eigenvalues is 251.5 s. Then, completing the Newton correction applied to the 42 eigenvalues The five rightmost eigenvalues/eigenvalue pairs of the allisland Irish system for three different case: without measurement delay, with constant delayτ and with realistic-modelling delay τ (t) of PSS signal are shown in Table III . Fig. 6 shows a typical TDI results. According to the results of the small-signal stability analysis shown in Table III , after the contingency, the system remains stable without any measurement delay, while it becomes unstable if either constant or time-varying delay is introduced. This conclusion is verified through TDI, which shows that the constant delays included in the input signals of the PSSs give birth to a small limit-cycle while the time-varying measurement delays lead to larger frequency oscillations.
VI. CONCLUSION
The paper proposes a detailed delay model that is able to emulate the physical behaviour of WAMS. This model allows tracking the sensitivity of the WAMS communication issues on the power system stability, e.g., the data packet dropout and data delivery period. Based on the proposed model, the paper defines both time-domain and frequency-domain techniques to evaluate the impact of WAMS delays on power system stability. These techniques are shown to be efficient and accurate for the fastvarying WAMS delays. However, both the theoretical discussion and the case study identify the limitations of the frequencydomain analysis when dealing with slow time-varying WAMS delays. The time-domain analysis is thus the only reliable tool for these cases. Future work will focus on improving the accuracy of the frequency-domain analysis for slow time-varying delays.
APPENDIX
A. Proof of Theorem 1
Proof: Let L{x(t)} = X(s) be the Laplace transform of x(t). Then, if the delays τ i (t), i = 1, . . . , i max change fast enough, s.t. we can assume a specific delay τ i (t) = ξ, by applying the Laplace transform into (2), we have
L{ẋ(t)}
By using L{ẋ(t)} = sX(s) − x 0 , where x 0 = c is the initial condition of (2) A i e −sξ X(s) = cI,
and consequently
λX(s)
A i e −λξ (27) is the characteristic polynomial. If we apply the Laplace transform into (5), we get and the definition of the Laplace transform of the PDF w i (t) of the specific delay ξ:
we obtain (26), and consequently (27) .
B. Gamma Distributed Delay
This appendix provides the steps that lead to the deduction of (25) for the Gamma distributed delay. As a starting point, recall that well-known property that states that any PDF f (ξ) must satisfy the condition [32] :
For the PDF of a Gamma distributed function f g (ξ), we have: 
Assume:
According to (28) and (29), we can expect:
Comparing (25) with (30), the h s (λ) can be rewritten as:
where a t =â 1+âλ . Thus, the right-hand side of (25) is:
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